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INTRODUCTION
Object

In the analysis of statically indeterminate structures
by the principles of limit-load theory, plastic hinges are
assumed to form at points of maximum moment, the members
between hinges remaining elastic. These plastic hinges are
zones of yielding which form as the load on the statically
indeterminate structure is increased toward the ultimate. If
deformations are limited by portions of the structure which
are still elastic, a redistribution of moments will take
place with the less-highly stressed portions of the structure
carrying increased moments.

The successful redistribution of moments requires
that a certain amount of angular rotation be available at a
zone of yielding. For étructures of reinforced concrete
this rotation capacity is a matter of great importance since
the ultimate strain for concrete may be small.

Many of the past investigations of the rotation
capacity and ultimate moment of reinforced concrete beams
‘have taken little or no account of the shear present at the
section. Present engineering practicé in the United States,
as evinced in the Building Code of the American Concrete

Institute (1), recognizes only the bending moment and axial



load existing at a cross section as contributing to the
formation of zones of yielding. There is, however, experi-
mental evidence which indicates that the effect of shear is
not always negligible. Brock (2) stated that the effects of
shear may cause collapse at loads much smaller than those
necessary for the development of plastic hinge mechanisms.
He also pointed out that, where shear is important, the
plastic theory may be expected to overestimate seriously the
strength of concrete members.

The primary objective of this research was to deter-
mine the influence of combined bending moment and shear on
the plastic rotation available in reinforced concrete tiembers.
A secondary objective of the investigation was the develop-
ment of a method of computing deflections and rotations of
"reinforced concrete beams, which method would include the
effect of shear.

The scope of the investigation was limited to beams

which failed in flexure.

Outline of Tests

Twenty-seven singly-reinforced concrete beams were
tested. A beam-column connection was used in order to
approximate the condition occurring in continuous frames

where plastic hinges form. The parameters were the percent-
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age of longitudinal reinforcement, the amount of web rein-
forcement, and the shear span. Concrete strength was not
intentionally made a variable.

Load was applied continuously to the beams without
stopping to make observations. Measurements of strains in
the longitudinal reinforcement and on the concrete surface
were made on continuous strain recorders. The beams were
photographed at intervals with specially made cameras.
Deflections as observed on dial gages were read from the
negatives and rotations were measured from the negatives.

The beams are identified by two numbers and one
letter, such as 8-1-A. The first number denotes the nominal
shear span to depth ratio and the second number the approximate
percentage of longitudinal reinforcement. The letter estab-
lishes the amount of web reinforcement.

The tests were conducted in the Engineering Experiment

Station Laboratory of Iowa State University.
Notation

The following notation is used:

Xy Yy 2 Coordinate axes
f Normal unit stress in concrete
fé Compressivé strength of 6- by 12-inch concrete

cylinders
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Unit stress in tension reinforcement
Shearing unit stress in concrete
Shearing strength of concrete

Normal unit strain in concrete

Normal unit strain in concrete at maximum normal
stress; see Figure &4

Normal unit strain at outer fiber of cross section
Unit strain in tension reinforcenent

Unit strain in tension reinforcement at start of
strain hardening

Shearing unit strain in concrete

Shearing unit strain at maximum shearing stress
Shearing unit strain at neutral axis

Width of cross section

Distance from centroid of tension reinforcement
to compression face of beam

Area of tension reinforcement
Length from face of column to support

Distance measured downward from compression face
of beam

Distance measured from neutral axis

Distance to centroid of normal compressive stress
measured from neutral axis

Depth of compression zone of concrete
Internal compressive force in concrete
Tensile force in reinforcement

Shearing force in cocncrete



Bending moment
Strain energy per unit volume

Strain energy at yield due to stress in tensile
reinforcement

Strain energy at yield per unit volume due to
normal stress in concrete

Strain energy at yield due to normal stress in
concrete

Strain energy at yield per unit volume due to
shearing stress in concrete

Strain energy at yield due to shearing stress in
concrete

Total strain energy at yield
Strain energy at ultimate in tensile reinforcement

Strain energy at ultimate in concrete due to
normal stress

Strain energy at ultimate in concrete due to
shearing stress

Total strain energy at ultimate

Modulus of elasticity of tensile reinforcement
Initial tangent modulus of elasticity of concrete
Modulus of rigidity of concrete

Natural logarithm base

Distance limiting spread of plasticity, measured
from face of column

A
Ratio of &

bd
Deflection at yield load
Deflection at ultimate lbad

Concentrated plastic rotation
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The letters y and u, when subscribed to the above
symbols, refer to the yield and ultimate conditions,

respectively.

Review of Earlier Research

The work of A. L. L. Baker at the Imperial College
in London has been directed toward limit design of reinforced
concrete members. He developed (3) a method of computing the
amount of moment redistribution in continuous beams in which
the slope of a beam loaded to the plastic range could be

expressed as Mggs s if appropriate values of EI at the

elastic and plastic stages were used. Baker also recom-
mended limiting values of the plastic strain of concrete
and the length of material subject to yield. His recommenda-
tions were based on tests of statically determinate members.
Chan (4) discussed the relationship between the
plastic hinge rotations and the developed plasticity in
plastic hinge sections. The length of material subject to
Yield was shown to be a function of the shape of the
bending moment diagram and the moment-strain curve of the
section. Chan concluded that lateral restraint, such as
spirals placed at the hiﬁge section,‘could increase the

amount of rotation available.
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Ernst (5) conducted an investigation to determine the
amount of concentrated plastic rotation developed at thirty-
three simulated beam-column connections. His beams were 6
by 12 inches in cross section, with a span of 9 feet.

Column stubs 9 1/2 inches high and 6 inches wide and of
varying length were cast integrally on top and bottom of
each beam at midspan. Load was applied to the beams through
the column stubs. Other variables were the percentage of
longitudinal tension reinforcement and the rate of loading.
The beams were tested in a 400,000 pound hydraulic testing
machine with fixed loading head. Strains on the tension
reinforcement and on the top concrete surface were measured
with SR-4 electric strain gages. Deflections were measured
by means of an engineer's level sighted on scales attached
at midspan. ZErnst concluded that the amount of plastic

rotation increases with decreasing percentage of steel.



MATERIALS AND TEST SPECIMENS

Materials

Type III Portland cement was used in all beams. The
cement was purchased in two lots from the manufacturer,
Hawkeye-Marquette Cement Co., West Des Moines, Iowa, and was
stored in paper bags for about five days until used.

The fine and coarse aggregates used in all beams were
obtained from a glacial deposit adjacent to the Raccoon River
at West Des Moines, Ia. The fineness modulus of the fine
aggregate was 3.05. The coarse aggregate had a maximum size
of 3/8 inch and a fineness modulus of 5.98. The fine aggre-
gate met the grading requirements of specification C33-61T
of the American Society for Testing Materials. Sieve analyses

are given in Table 1.

Table 1. Sieve analyses of aggregate

e i size

%inch «g-inch # #10 #16  #30 #50 #100

Fine 0 0 1.8 20.8 42.1 59.4 83.3 97.4
Coarse 0 73 97.9 99.6 99.8 100 100 100

The longitudinal reinforcement was structural grade



deformed bars of three sizes: #3, #4, and #5. All bars were
purchased from the same commercial firm but were not of the
same heat. Stress-strain curves as determined from tension
tests are given in Figure 1.

The web reinforcement, obtained in one lot from the
supplier, was a soft, black annealed wire. The sizes used
ranged from 6AWG to 15AWG. The wire was tested in the labora-

tory and the properties are given in Table 2.

Table 2. Properties of web reinforcing

Size Diameter Yield point
AWGa inch ksi
6 0.177 25.0
9 0.148 30.0
10 0.135 32.5
11 0.120 28.5
12 0.105 34.5
13 0.091 31.0
14 0.080 25.0
15 0.072 32.0

@american Wire Gage.
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3
6.5 0.645(10)> Ksi
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| 1
0.0164 0.0375
Unit strain

Stress-strain curves for longitudinal reinforcement
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Description of Specimens

All beams were rectangular in cross section and were
singly reinforced. The beams were nominally 3 inches in
width and 7 inches in total depth. The span lengths were
chosen to give ratios of shear span to depth of 8, 6, and &.
A beam-column connection configuration was employed to simulate
the conditions under which plastic hinges form in concrete
frames.

Closed-loop stirrups were provided at a spacing of
3 inches in all beams. The stirrups were designed to carry
approximately 100 per cent, 67 per cent and 50 per cent of
the shear at working loads. In a beam series such as 8-1l-4,
8-1-B, and 8-~-1-C, the letter A denotes the larger amount of
web reinforcing and the letter C the smaller amount.

Dimensions and other data pertaining to the beams are
given in Tables 3 and 4. A beam as set up in the testing

machine is shown in Figures 2 and 3.

Casting and Curing of Specimens

All beams were cast on their sides in oil-treated
wood forms. Longitudinal reinforcing steel was held from the
side of the form by 1/2-inck lengths of 1/2-inch diameter

steel rod. Stirrups were securely wired to the longitudinal
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Table 3. Concrete strengths

Cast Beanm Number of fg Where cast
cylinders
tested
B-I-A,C
8-2-A
1 8-3-4,C 11 6200 West Des Moines
6-2-B
6-3-4,C
6-1-B,C
4-1-B,C
l4=2-B,C
2 4-3-4,B,C 27 6400 West Des Moines
2-1-‘1, B,C
2-2-A,B’ C
2"3-A, B’ C
8~-1-B 3 5180
8-2-B 3 5000
8-2-C 3 5430
8-3-B 3 5220 \ f} avg
6-1-A 3 5240 =
3 6-2-A 3 5290 | 5200 Ames
6-2-C 3 50440
6-3-B 3 5330
4-1-A 3 5110
4e2-h 3 5170
L 6-2-B 3 4400 " Ames

steel and to nails which were driven into the bottom of the
forms so as to hold up. the stirrups.
The beams were cast at three different times. Casts

one and two were made with the facilities of HMidwest Concrete
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steel
AWG
11
15

2~
27
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sq.in.

psi
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5200
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6.25
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Properties of beams
inch
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Table 4.
Bean
8-2-A
8-2-B
8-2-C

11
13
15

2-#3
2-7#3
2-#3
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6400
6400

6.31
6.31
6.31
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* o o
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11
13

2-#5
2-#5
2-#5

6200
5200
6200

6.19
6.19
6.19

3.0

37.
37.
37.
37.
37.
37.

6-2-A
6-2-B
6-2-C
6-3-4A

3-B
6-3-C
4-1-A
4-1-B
4-1-C

6-

10
12
14

2-#3
2-i#3
2-#3

5200
6400
6400

6.31
6.31
6.31

oMo
nNO O

e o
A NN

25.2
25.2
25.2

1

2l
27

2~

5200
6400
6400

6.25
6.25
6.31

3.0
3.0
3.0

25.0
25.0
25.0

L-2-4
L.2-B
Lh-2-C
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Industries in West Des Moines, Iowa. There, the concrete
was mixed in a non-tilting, bottom-dump, drum mixer of 1
cubic yard capacity. The concrete was shoveled into the
forms and the forms were shaken on a vibration table.

The third casting was made in the laboratory. The
concrete was mixed in a tilting, rotating drum mixer of 3
cubic foot capacity. A high-frequency internal vibrator was
used to aid in placing the concrete in the beams.

The same basic concrete mix was used for all beams,
except 6-2-B, in an effort to obtain the same concrete
strength. That this was not achieved is attributed to
differences in cement quality and moisture content of the
aggregate. Beam 6-2-B was originally cast as a trial beam
but was pressed into service when its counterpart proved to
be defective. The strengths of the batches are given in
Table 3.

Several hours after casting, the beam surfaces were
troweled smooth. The beams, and the 6- by 12-inch control
cylinders which were cast with the beams, were covered with
strips of burlap which were moistened periodically during
the next seven days. The beams and cylinders were removed
from the forms seven days after they were cast and were then
stored in the air in the laboratory until tested. The age

of the beams at testing varied from five to seven months.
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INSTRUMENTATION, LOADING APPARATUS, AND TEST PROCZDURE
Zlectric Strain Gages and Recorders

Strain measurements were made on the reinforcing
steel to define clearly the stage of first yielding. Measure-
ments were also made at the top surfaces of the beams to
determine the longitudinal distribution of strain in the
concrete at failure. The strains were measured by SR-4
electrical resistance gages, types A-1l and A-12. Five A-1
gages, which have a nominal gage length of 13/16 inch, were
placed on the top surface of each beam from 5/8 inch to 8-1/2
inches from the column face. Three gages were used on one
side of the column and two on the other in some instances; in
others, all five gages were used on one side. One A-12 strain
gage, with a nominal gage length of 1 inch, was attached to
each of the two reinforcing bars through core holes blocked
out before the beams were cast. One gage was used on each
side of the column. The steel reinforcing bars were prepared
before casting of concrete by filing off the deformations for
about a 2 inch length and by covering the smooth surface with
a piece of electrical tape and a block of sponge rubber. All
SR-4 gages were attached with Duco cemeﬁt without application
of heat. Several days elapsed between attachment of gages

and testing of the beams.
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A continuous record of strain was produced by Brush
universal amplifiers (BL-520) and Brush direct-writing
recorders (BL-274). The Brush universal amplifiers have
attenuator settings which vary from 1 microinch per inch of
strain per attenuator-line to 1000 microinch per inch of
strain per attenuator-line, allowing wide selection of

amplification of strain.

Deflection Measurements

Measurements of the vertical displacement of each
side of the column stub relative to the supports of the beams
were obtained from dial gages. The gages were supported by
a deflection bridge and were actuated by short lengths of
angle cemented to the column stub. Readings of the dials were
recorded on photographic film. To obviate halting the test
and resetting the dials, two dials were used on each side of
the column and were staggered so that one was always in

operation when the movement of the other was expended.

Photographic Equipment

Two specially designed cameras were used to photograph
the beams in areas where large cracks were expected to open.

The cameras employ metrogon lens cystems which are wide-angle
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lenses possessing very small distortion. The lenses were
fitted to Fairchild F-56 roll film magazines using a 7 inch
wide roll of film. Kodak Plus X, Aerecon, Type 1B film was
used in the tests. According to the manufacturer, the film
has a shrinkage of approximately one part in 25,000, In
order to more easily define the edges of a crack on the
negative, the surfaces of the beams were very lightly coated
with a mixture of plaster of paris and water. The cameras
were positioned so that approximately a 21 inch length of a
. beam could be photographed and also so that the dial gages
measuring deflection would be included in the photograph.
This resulted in a scale 6f approximately 3 to 1 (i.e., 3
inches on the beam equal about 1 inch on the negative).
Comparison of crack widths measured on the beam with those
measured on the negative showed accuracies of plus or minus

0.001 inch (6).
Loading Apparatus

All beams were tested in a 400,000-pound capacity
Southwark-Emery hydraulic testing machine equipped with
loading beams. Since the load was applied off-center of the
testing machine, Figure 3, the load-measuring device was
compared against a previously calibrated load cell for the

range of loads to be used and was found to be satisfactory.
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The load was applied to the top of the column stub
through a steel block 6 by 6 by 16 inches which was bolted
in a fixed position to the loading head.

The steel block acted against the upper steel plate
of a clamping device, Figure 2, designed to simulate the
condition of a loaded column for the column stub of the
specimens. The equivalent of a uniform vertical pressure of
approximately 300 pounds per square inch was applied to the
column stub by drawing the nuts on the bolts tight to a
specified value with a torque wrench. The reactions at both
supports were developed by hard steel plates and rollers,
Figure 2, thus permitting horizontal movement and rotation.
A thin layer of plaster of paris between all steel plates and
concrete bearing areas was used to develop a more uniform

bearing pressure.
Test Procedure

The tests were begun after the amplifiers, cameras,
and dial gages were readied. Load was applied continuously
to failure, with photographs by both cameras being taken at
increments of load up to initial yielding of steel and at
increments of steel strain thereafter. These instantaneous
measurements eliminated drop-off of load and change of

deflection while measurements were made. The timing of
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measurements was coordinated by vocal signal. Load was
applied to the beams until they ruptured completely or failed
to develop increased resistance to increésed deformation.

The length of time required to test the beams varied from 30
minutes for the longer span beams to 10 minutes for the

shorter span beams.
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ANALYTICAL STUDIES

Conditions at Yield Load

The bending moment in a singly reinforced concrete
beam, when the steel reaches the yield point, may be
evaluated if the location and magnitude of the internal forces
are known.‘ The magnitude of the compressive and tensile
forces is equal to the yield stress of the reinforcing steel
multiplied by the area of the steel. The location of the
resultant compressive force on the concrete may be determined
if the distribution of the compressive stress is known.

The relation between stress and strain as determined
from concentric compression tests of concrete cylinders has
been applied to the flexural compression occurring in beams
by assuming a linear distribution of strains in the compres-~

sion region. Smith and Young (3) have shown that a single

continuous function

®lo
(1)
CHL)

o (1)

Qe

may be used to compute the compressive force, the position
of neutral axis, and the moment. The function covers the

full range of stress, including the descending portion beyond
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maximum stress, and depends upon the properties of the
concrete as determined from cylinder tests.

In applying the exponential function to the beams of
this investigation, the assumptions were made that the con-
crete carried no tensile stress and that the maximum stress
occurred at a unit strain of 0.002. This last assumption is
supported by the cylinder tests of this investigation as well
as those of Smith and Young (7) and Ramaley and McHenry (8).

The cylinder tests of this study were carried as far
as the ultimate load only. Whitney (9) and Hognestad, Hanson,
and McHenry (10) indicate that the abrupt failure of cylinders
is related to properties of the testing machine rather than
to properties of the concrete. Smith and Young (7) show that
the exponentiél function approximates closely that portion
up to a unit strain of 0.004 of the concrete cylinder stress-
strain curves as presented by Ramaley and McHenry (8). It
was assumed for the purposes of this investigation that the
curing conditions of the concrete in the beams and the strain
rate applied were such that the stress distribution in the
concrete of the beams could be represented by the exponential
function.

The exponential function is plotted in Figure 4 with
a typical stress-strain curve from a cylinder test of this
investigation shown for comparison purposes.

When the reinforcing steel reaches the yield point,
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the neutral axis, on consideration of Figure 5, may be

located as follows:

kyd
C = b f = f
y IO dy Sy AS
€ € + ¢ a
where - = S¥ ___C¥ and dy = ———————e— de
y d °sy + ecy
€
Then f_ A = bd___ [ r qe
esy + ecy 0

Substituting f from Equation 1, integrating between limits,

and simplifying give

°y T Tsy &g
bd fé 1 - ecy
= . - - +
. (eo + ecy) (-¢ €, ) € e (2)
sy cy

Since €, has been assumed equal to 0.002, Equation 2
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Figure 4. Comparison of stress-strain function with cylinder test
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Figure 5. Distribution of normal stress and strain at a cross section
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may be solved for €cy® Then
€c
k,a = Y 4 (3)
esy + €cy

The resultant compressive force, in general, may be

located as follows:

2 o
kd 2 1-—34
2 €” e € €
b f o
- Io y &y eo(cs + ec) 0
y = =
c ba f) J,ec 1 e
€ e = de
e (eg + e.) ; ¢,
Integrating and simplifying give
Ee
- d €. ¢ ©o
y = ——— |2¢_ - (%)
e. + € o €c
S ¢ - (e, * e )e = T
co (o] (o] eo

At yield
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5 Scy
- a ecye Co
y, = 2es (5)
¢
v sy T Ccy -
€
€ - (ecy eo) e o
| |
Then, it is apparent that
1 = - + v
L8 Cy (a kyd yy) (6)

The shear at yield is

In analyzing the beams for shear, it was assumed that
the entire shear at a cross section is carried by that con-
crete area whigh is in compression. Additionally, it was
assumed that the shearing stress distribution can be
expressed by a function similar to that of the normal stress,

that is,

v = v} ) e Yo (7)
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The ranges on the shear stress distribution are parabolic
(for a linear distribution of normal stress) and linear (for
a uniform distribution of normal stress). The assumed
distribution of shear stress closely approximates that
required'by considerations of equilibrium.

The modulus of rigidity was taken as forty per cent
of the modulus of elasticity, in accordance with tests
reported by Zia (11). On the basis of tests with high tri-
axial stress performed by Balmer (12), the shearing strength
of the concrete was assumed to be sixteen per cent of the
compressive strength.

Differentiating Equation 1 gives

ar ' 1 - &
— = Ze € (1 - £)
de € €5
At ¢ =0
T
de €. © Ee
o
1]
and e, = fce
E
c

Similarly:
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Ve
' = '
But Ve 0.16 fc
and G-c = 0.40 Ec
so that
v = 0.16 fge _ B 008
o = m-:' = 0.4 € = 0.0

Then, considering Figure 6,

kad
vV = bf vas
0
Y Y kd
s kd Yka
Y
Then v = b kd J' kdv ay
Yka ‘0

Substituting v from Equation 7, integrating between limits,
and simplifying give



-L

kd VE Vg (%)e %

Figure 6. Distribution of shearing stress and strain at a cross section
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Y
b kd v} 1.
e R O IS

When, at yield conditions, kd = kyd

Yk d
_ bked vi 1-—=
v, = kad (v, + kad)(-e Yo ) + Yo (9)
With y, = 0.0008 and v = 0.16 f,, Equation 9 may

be solved for kad.
Strain Energy at Yield Load

Timoshenko and Goodier (30) have shown that the strain

energy per unit volume is
1
u = 3z [fxex trye tfe, vy Yy F VyaYys * vszxz:I

if forces on a body increase simultaneously in the same ratio.
The strain energy for the beams of this investigation was
summed part by parte.

In considering first the reinforcing steel of area
Ag, the x-axis is taken along the length of the beam with
the origin at the support. All the shearing stresses and

the normal stresses fy and f- were taken to be zero so that
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the strain energy was

_ 1
d US = > fs €eg dx dy dz
fs
But €g = E; and
So that
L
S 2ES ; (L fsy) dx

Then the total strain energy in the reinforcing

steel (on one-half of the beam) is

1 f§y
S S
6 =

(10)

It is seen that up to yield stress the strain energy

in the longitudinal steel will vary as the square of the

stress in the steel. This distribution of strain energy is

shown in Figure 7.

Due to the normal stress in the concrete, the strain

energy per unit volume, from Figure 5, is
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Figure 7. Distribution of strain energy at yield load
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_ pSey
uc = fo f de

Substituting £ from Equation 1, integrating between limits,
and simplifying give

Eey

ue = fg |(e  *+ ecy)(-e €o ) + €€ (11)

It is assumed that the depth of the neutral axis
remains the same for all sections from the face of the
column stub to the support. It will be recognized that this
is in error if the fact is considered that the beam has cross
sections near the column face which are cracked and ones in
the vicinity of the support which are uncracked. However, it
is believed that the effect on the total strain energy is
small enough so as not to warrant consideration of the
uncracked section.

The distribution of strain energy due to normal
stress in the concrete is shown in Figure 7. Then the strain

energy (on one-half of the beam) is

= 41 .
Ue = Fucbkdl (12
€c €y T €5
But, combining-—{% = Y 3 Y with Equations 2, 11, and

Y
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12, there 1is obtained
L (13)

The strain energy due to shearing stress in the
concrete may be determined in a manner similar to that for
the normal stress. The strain energy per unit volume, from

Figure 6, is

Y
u, = [ kyd v ay

v 0

Substituting v from Equation 7, integrating between limits,

and simplifying give

1. Ykyd
u, = v |(y, ¥ kad)(-e Yo )} + vee (14)

The shearing force and shearing strain are constant over the
length of the beam. Therefore, the strain energy (on one-
half of the beam) is

U, = ugbkydL (15)

Combining Equations 9, 14, and 15 gives
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Uy = Yy Ykea L (16)

The total strain energy at yield is then
Up = Ug + U, + U, (17)
Conditions at Ultimate Load

In analyzing the beams at ultimate load, it was
assumed that the unit strain in the concrete outer fiber was
0.004 at failure. Strains measured during the tests are given
in Table 5. Values near these have been observed by Hognestad

(14) and others. Equating forces normal to the cross section:

Since all the equations leading to Equation 2 are general

and valid to ultimate, the ultimate compressive force is
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Table 5. Unit strains and testing times
Bean €. 2 € a e TestingP
cu su(test) su(calc.) time

8-1-A 0.0046 0.0280+° 0.027 30.6
8-1-B 0.0045 0.0232 0.022 31.3
8-1-C 0.0045 0.0230+ 0.027 30.6
8~2-4A 0.0031 0.0249 0.017 20.0
8-2-B 0.0031 0.0161 0.012 21.4
8-2-C 0.0040 0.0188 0.012 19.7
8-3-4A 0.0040 0.0113+ 0.010 16.2
8-3-B 0.0048 0.0175 0.007 15.7
8=3-C 0.0041 0.0115 0.010 17.7
6-1-B 0.0018 0.0223+ 0.027 21.2
6-1-C 0.0046 0.0174 0.027 17.6
6-2-B 0.0050 0.0212 0.011 10.8
6-2-C 0.0059 0.0225 0.012 18.2
6-3-B 0.0054 0.0019 0.007 17.3
6-3-C 0.0050 0.0145 0.010 11.9
L-1-B 0.0040 0.0297+ 0.027 16.9
4.1-C 0.0038 0.0282 0.027 12.7
4_2-A 0.0036 0.0210 0.012 14.8
4-.2-B 0.0039 0.0202 0.017 11.5
L4.2-C 0.0040 0.0310+ 0.018 16.8
h-3-A 0.0041 0.0230 0.010 11.6
L“-B-B 00003"' 000073 00010 808
4-3-(: 000044 0-0014 00011 600

load was reached.

@These are maximum observed values.

bpo reach ultimate load (minutes).

CPlus sign indicates SB-4 gage failed before ultimate
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But €cu

e
(e, + €, )(-e 7O )+ epel =0.00323
since €, = 0.002 and e, = 0.004 as shown in Figure 4. Then

J
ba

f = L 4
su Aoy * o) (0.00323) (18)

The unit stress and unit strain in the steel may be
determined by considering the stress-strain curve for the

material (see Figure 1) in addition to Equation 18. Then

ecu

+ ecy

f

k d d

u €

su

Then the moment at ultimate load, from Figure 5, is

M, = fg, Ag [d - k,a+ 5&]

But from Equation 4

B €cu ]
- 2 “ e
Jy L oy 7
k,d eon |20 " - €cu
€0 = (ecu ¥ €0) e ¢
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and setting ¢, = 0.002 and e;, = 0.004 then
Yu
o—— = 0.544
kud

so that

N, = f;u Ag [d - 0.456 kud]

The shear at ultimate load is

The shearing strain at ultimate load may be determined
from Equation 8 since it is also valid at ultimate. This

glves

Ykyd
, .l
v, = 2Rl (v, + vy g)e VO ) # Vel  (19)

qud

Strain Energy at Ultimate Load

Plasticity in both steel and concrete is shown in

Figure 8 to extend a distance m from the face of the column.
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A
w' L’}-

Figure 8. Distribution of strain energy at ultimate load
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Two cases are given for the strain energy in the reinforcing
steel: the first in which the unit stress at ultimate load
is equal to the yield stress and a second in which the unit
stress at ultimate load is greater than the yield stress.
A special case must be made for beams 8-1-A and C, beams
6-1-B and C, and beams 4-1-B and C. For these beams the
yield stress is taken to be 42.5 ksi and the strain energy
is evaluated from the first diagram with the unit stress at
the face of the column equal to fg, greater than fsy'

The total strain energy, W, on one-half of the beam
is equal to the sum of the volumes of the appropriate

diagrams. For the case in which fg, = fsy

+1
% fsy AS esy L € f A e m

*§ Toy A [yt

y €sy€su

For fg, greater than fsy

We = % fsy Ag €sy [L—m]

1 |
*% [fsyeso ot ¥ /fsyesofsucsu ]Asm

The strain energy due to normal stress on the concrete
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is 1_5_‘?1
Mo = omarg[r-n] [t v e )le 0+ ee]

+%b f(':m [wl“'hwz +w3]

where 1. Ecy
_ €
Wy = kyd [(e0 + ecy)(-e c ) + eoe]
= 1
Wy = 3 [kyd * k,d]
€cy ¥ €on
€oy ¥ €y, 1"—%__—
[(eo + —X-E——)(-e € )+ eoe]
Ecy
= - €o
Wo k,d [(co + ecu)(-e ) + eoe]

This may be simplified to
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e+ ¢ L. Sey * Ceu
C cu -
[(eo + ——L2—e——)(_e 2€° ) + eoe]

o]
+ 1 v
8 b rfi m k,d [0.00323]

Since all the equations leading to Equation 16 are general
and may be extended to the ultimate load, the strain energy

due to shear at ultimate is

W, = V, Y 4T | (164)
The total strain energy at ultimate is then

Wp = Wg * W, * W, (20)

The length m which is subject to plasticity is a
factor of importance in determining the amount of strain
energy in a beam at ultimate load. This length depends to
some extent upon the shape of the external bending moment
diagram. For the beams of this investigation, this influence
may be reflected in the ratio of the ultimate moment to the
yield moment. Tests results (5) have shown that the spread
of plasticity depends on the unit strain in the longitudinal

reinforcement and the percentage of reinforcement. The length
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of plasticity was also assumed to be a function of the beam
depth. Thus, the length of beam subject to plasticity could

be expressed as follows:

m = Fl(P’ d, %’ esu)
The following equations of dimensionless terms could

then be written:

m

3 = Falps u €sy)

M&’
Information regarding the mamner in which the dimensionless
terms combine could be obtained if the three terms on the
right side of the equation could successively be kept
constant in pairs while varying the third term. That was not
possible in this investigation. Accordingly, it was assumed

that the function combined by multiplication, giving

m M& _

pdM,

Aesu

The constant A was evaluated by use of Figure 9. Then, the

length of plasticity is



Figure 9. Length of beam subject to plasticity
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‘ M
m = 5670 e qa — (21)
su P M&

2y
The values of m in the ordinates in Figure 9

deu
were determined by equating the total strain energy at
ultimate load to the external work at ultimate load. The
external work was evaluated as the area under the load-
deflection curves, Figure 10. The yield and ultimate moments
were those determined theoretically. The total strain energy
at ultimate load for all the beams was then calculated using

lengths of plasticity as found from Equation 21.
Deflections and Rotations
The deflections of the beams at yield load may be

computed by equating the external work to the'strain energy

as determined from Equation 17:

1 =
2 vy y UT
where V& = I Then
21,
- T
Ay = (22)
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Figure 10.

Load-deflection curves
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Similarly, the deflections at ultimate load can be
computed by equating the external work at ultimate load to

the strain energy Wp from Equation 20.

1

i 1 =
zVy 8y v 3 (V, + V)08, - 4y) Wn
and
2 Wn *V, A
vyt W

The plastic rotation ep, which is assumed to be

concentrated at the face of the column, is

= (24)
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TEST RESULTS

Modes of Failure

All beams failed in flexure except 4-3-B and 4-3-C
which failed in shear-compression. In a typical flexure
failure, the tension reinforcement yielded. After yielding,
the neutral axis shifted upward causing a reduction of the
area of concrete in compression until, finally, the concrete
ruptured. The shear-compression failure occurred when the
intrusion of a diagonai crack into the compression area so
reduced that area that the concrete crushed.

The cracks in the beams at which large rotations
occurred were nearly all vertical. As the effect of shear
became largef, with decreasing ratio of moment to shear,
small inclined cracks appeared. The openings at these

inclined cracks were too small to measure (Figure 11).

Loads

Photographs were taken of the beams at intervals
throughout the test, including at the yield and ultimate
" loads. The yield load of a beam was detected by noting the
halting of the load-indicating dial of the testing machine.
This load in many cases was slightly higher than the load at
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which yielding of the tensile reinforcement was first
observed. Beyond the ultimate deflection the beams failed
to increase in load-cérrying capacity.

Theoretical values of yield and ultimate loads are

compared with test values in Table 6.
Heasurements

The measurements of unit strain at the outer fiber
of the concrete indicated that values greater than 0.004
existed in many of the beams, in one case as far as 2-1/2
inches from the face of the column. Values of unit strain
are given in Table 5. These values are not the absolute
maximum unit strains which existed in the beams but are
lower 1limits of them. For computation purposes, a maximum
unit strain of 0.004 was assumed in the beam region subject
to plasticity. The strain measurements at the outer fiber
are not a good indication of the extent of spread of plasti-
city because in most instances the piece of concrete to which
the gages were attached would break out to a depth of 1/2
inch to 1 inch and to varying lengths. An example of this is
shown in Figure 1l. In these cases, the maximum unit strain
probably occurs between the outer fiber and the neutral axis.

The calculated unit strains at ultimate in the

reinforcing were lower in most cases than the measured values.
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Table 6.

Vy(test) Vy (test) Vi(cale.) Va(test) Vi(test)

Vy(calc.)
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One cause of this was the reduction of cross sectional area
of the reinforcing as a result of filing off deformations.
The calculated strains are believed to be more accurate.

Measurements of the rotation which occurred at a
crack between zero load and the ultimate load were made
directly from the photographic negative. A 1/2-inch grid was
penciled on the white-washed surface of the beam to serve as
points of reference. Readings of the crack opening were made
at 1/2-inch intervals of the height of the beam on the
picture corresponding to the ultimate load. Initial readings
were obtained from the picture taken at zero load. A filar
micrometer was used to make the measurements.

Determinations of the crack opening at yield load
were not made. The size of these cracks at the bottom sur-
face of the beam was about 0.006 inch (15) or near the limit
of accuracy of the system. The size of the cracks at ultimate
load was as large as 0.15 inch.

All of the measurements over the height of the beam
at an individual crack were plotted on graph paper. From
each graph were determined the rotation which occurred at
the crack and the location of the neutral axis. The depths

to the neutral axis are compared to those determined

theoretically in Table 7. The test values of Bp in Table 7
are the averages of the sums of the rotation occurring at

cracks on each side of the column stubs; ep is a plastic



Figure 11. Test specimen
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Figure 11. (Continued)
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Table 7. 8, and k,d

Beam 8p(test) b (calc.) kyd(test) kyd(calc.)
rad rad in. in.
8-1-A 0 001}85 0.0156 lo 60 0.82
8-1-B 0.0240 0.0190 1.06 0.98
8-1-C 0.0388 0.0228 1.15 0.82
8-2-A 0.0153 0.0250 1.31 1.20
8-2-B 0.0126 0.0092 1.34 1.56
8-2-C 0.0167 0.0085 1.71 1.56
8-3-4 0.0092 0.0116 1.80 1.73
8-3~B 0.0110 0.0065 1.86 2.29
8-3-C 0.0104 0.0041 1l.55 1.73
6-1-A 000224 0.0252 1012 0.98
6-1-B 000393 000246 1.02 0.81
6-1-C 0.0198 0.0246 1.14 0.81
6~2~4 0.0260 0.0101 1.34 1.56
6-2-~B 0.0130 0.0082 1.50 1.65
6-2-C 0.0289 0.0080 1.80 1.56
6-3-A 0.0108 0.0052 1l.55 1.68
6=3=B = cace-=- 0.0060 ———— 2.29
6-3~C 0.0103 0.0032 1.35 1.72
4-1-A 0.0312 0.0208 1.09 1.00
L-1-B 0.0504 0.0285 0.72 0.81
b-1-C 0.0349 0.0298 1.40 0.81
4o2-A 0.0223 0.0076 1.34 1.56
4.2-B 0.0246 ‘ 0.0264 0.95 1.17
Lo3-A 0.0219 0.0117 1.74 1.72
4-3-B 0,013 ceccce- 1.31 1.73
§=3-C —emle cmae -Z- 1.68
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rotation assumed to be concentrated at the face of the

columne.
Load-Deflection Curves .

The deflection of.the column stub with respect to
the supports of the beam was obtained from the photographic
negative by the indications of dial gages. The readings
are plotted in the form of load-deflection curves in Figure
10. The values plotted are averages of those obtained at the
north and south sides of the column stub.

The deflections determined theoretically at both
yield and ultimate loads are compared with the test values

in Table 8.
Plastic Rotations

The primary objective of this investigation was to
determine the influence of combined bending moment and shear
on the plastic rotation of.reinforced concrete members. This
influence is shown in Figure 12, where the plastié rotation
ep is plotted against the ratio %E . From the average values
plotted, a decreasing trend in plastic rotation is observed
with increasing %E s but the data are insufficient for more

definite conclusions.
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Figure 12. Effect of shear span to depth ratio on plastic rotation
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SUMMARY AND CONCLUSIONS

The deflections of the beams at yield load as deter-
mined by the principles of strain energy showed an average
error of 15 per cent when compared to the measured deflec-
tions. The maximum error was 35 per cent. The comparison
of measured deflections at ultimate load to the computed
values showed an average error of 23 per cent and a maximum
error of 58 per cent.

One possible cause of the lack of better agreement
between measured and computed deflections at ultimate load
might be the difficulty of discerning the ultimate load and
the corresponding ultimate deflection. This would be
particularly true with the beams of smallest percentage of
reinforcement since they have flatter and longer load-
deflection curves.

Another factor which influences tﬁe storing of strain
energy is time. The attempt in this research to lessen the
effect of time by testing all beams within the same duration
did not meet with complete success. The more flexible beams
required a greater time to reach ultimate load. They were
therefore subject to greater amounts of creep, and it is
quite likely that creep accounts for the difference between
measured external work and calculated strain energy.

The amount of available plastic rotation decreases
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with increasing ratio of shear span to depth, % .

It is contended in this report, contrary to the
position held by others, that the extent of spread of
Plasticity increases with percentage of longitudinal
reinforcement, all other factors being constant. If, among
the quantities p, d, ;& » and egy, two beam cross sections
are ldentical except for percentage of reinforcement, then
that beam which has the larger percentage of reinforcement
will have a greater spread of plasticity. This follows from
the fact that the beam with larger percentage of reinforce-
ment also has a larger compressive force on the concrete and
a greater depth to the neutral axis, thus subjecting more
material to plasticity.

It is believed that tests of simulated beam-column
connections should have a device of some nature which
appliés axial load to the top and bottom of the column stub
portion. This will approximate more closely the conditions
met in service and will serve to prevent the opening of
horizontal'cracks through the column stub at the level of
the reinforcement. These horizontal cracks facilitate
greatly the spread of plasticity into the column by destroy-
ing bond stresses.

The photographic technique should lend itself

readily to the determination of unit strains on the surfaces
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of concrete beams if the accuracy'of the system can be
improved to the point where strains of 0.0001 inch per inch
or smaller can be measured.

A more comprehensive study of the spread of plasticity
should include such factors as the bond characteristics of
the reinforcement and the stress-strain characteristics of
the steel. A better evaluation of the strain energy due to
shear would be obtained with the shearing strength of the
concrete expressed as a function of the normal stress.

The determination of the deformations of reinforced
concrete beams failing under any mode should be possible by
strain energy methods provided all the forms of energy may

be ascertalned.
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